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A molecular field theory (MFT) developed by the author [Phys. Rev. Lett. 109, 077201 (2012);
Phys. Rev. B 91, 064427 (2015)] has been used in the past to fit single-crystal magnetic susceptibility
χ versus temperature T data below the antiferromagnetic ordering temperature TN for a variety
of collinear and coplanar noncollinear Heisenberg antiferromagnets. The spins in the system are
assumed to interact by Heisenberg exchange and to be identical and crystallographically equivalent.
The fitting parameters for χ(T ) of collinear antiferromagnets are measurable quantities: the Weiss
temperature θp in the Curie-Weiss law, TN, χ(TN), and the spin S. For coplanar noncollinear
helix and cycloid structures, an additional fitting parameter is the turn angle between layers of
ferromagnetically-aligned spins. Here MFT fits to anisotropic χ(T ) data from the literature for
single crystals of the collinear antiferromagnet CuO and the noncollinear antiferromagnets LiCrO2
with a 120◦ cycloidal structure and α-CaCr2O4 with a 120◦ helical structure below their respective
Ne´el temperatures are presented. The MFT fit to the anisotropic χ(T ≤ TN) data for CuO is poor,
whereas the fits to the data for LiCrO2 and α-CaCr2O4 are quite good. The magnetic contribution
to the zero-field heat capacity of the collinear antiferromagnet GdCu2Si2 is also fitted by the MFT.
I. INTRODUCTION
In two previous papers a generic version of
molecular-field theory (MFT) for antiferromagnetic
(AF) Heisenberg spin systems containing identical
crystallographically-equivalent spins was formulated [1,
2]. A description of the anisotropic magnetic susceptibil-
ity χ(T ≤ TN) versus temperature T below the antiferro-
magnetic (AF) ordering temperature TN of both collinear
and coplanar noncollinear antiferromagnets with Heisen-
berg exchange interactions was obtained. The MFT is
applicable to a wide range of antiferromagnets with in-
teractions including geometric and bond-frustrating in-
teractions that can produce a large range of the ratio
f ≡ θp/TN (−∞ < f < 1). (1)
Here θp is the Weiss temperature in the Curie-Weiss-law
fit of χ(T ≥ TN) data in the paramagnetic (PM) regime.
This formulation of MFT does not utilize the concept
of magnetic sublattices almost universally used previ-
ously in such treatments. Instead it uses the angles φji
between a central thermal-average moment i and those
of its neighbors j with which it interacts to calculate
the thermodynamic properties of antiferromagnets both
above and below TN. This MFT allows both collinear and
coplanar noncollinear antiferromagnets to be treated on
the same footing and was therefore dubbed the unified
MFT.
The second important and very useful feature of the
MFT is that it is formulated in terms of quantities that
are usually easily measured or inferred with good accu-
racy. For collinear antiferromagnets, these properties are
TN, θp, the above ratio f , and the spin S of the local
magnetic moment. For coplanar noncollinear helical or
cycloidal antiferromagnets an additional parameter is the
wave vector k directed along the helix or cycloid axis
which can be determined independently using neutron-
diffraction measurements or left as a parameter that can
be obtained by fitting the anisotropic χ(T ≤ TN) data by
the MFT. The same MFT is applicable to both helical
and cycloidal AF spin structures without change. For
compounds containing other coplanar AF structures, the
MFT can be used to fit single-crystal χ(T ) data if the AF
structure and an exchange interaction model are speci-
fied as was done for GdB4 in [1]. For specific exchange-
interaction models, the exchange interactions Jij between
spins i and j can be derived from the measured values of
TN, χ(TN), χ(T = 0), and θp, which can complement
information obtained from magnetic inelastic-neutron-
scattering experiments.
Subsequent papers discussed the influences of vari-
ous anisotropies on the predictions of the MFT, includ-
ing magnetic-dipole anisotropy [3], anisotropy arising
from a classical anisotropy field HA [4], and quantum-
mechanical uniaxial anisotropy [5]. The T = 0 phase
diagrams in the Hx-HA plane for helices with different
turn angles in magnetic fields Hx applied transverse to
the z-axis helix wave vector with both infinite [5] and
finite [6, 7] classical XY anisotropy fields were also ob-
tained. Some of these results were utilized to fit high-
field magnetization data for single crystals of the helical
antiferromagnet EuCo2P2 [5, 6] and the collinear antifer-
romagnet CaCo1.86As2 [8].
Modeling of experimental χ(T ≤ TN) data for copla-
nar noncollinear single-crystal antiferromagnets satisfy-
ing the assumptions of our MFT can help to identify
and quantify when quantum fluctuations due to a small
spin quantum number, frustration effects, and/or a low
spin-lattice dimensionality are especially important to
the physics. Such quantum fluctuations beyond MFT can
cause significant deviations of the observed χ(T ≤ TN)
from the predictions of MFT, and hence such deviations
can be used as a diagnostic for the importance of quan-
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2tum fluctuations in a particular material.
In Ref. [1], in addition to the coplanar noncollinear
antiferromagnet GdB4 noted above, the anisotropy in
χ(T ≤ TN) of the collinear antiferromagnets GdNiGe3
and MnF2 and of the coplanar noncollinear triangular
120◦ antiferromagnets YMnO3 and RbCuCl3 were fit-
ted within the unified MFT. Comparisons were also car-
ried out of the powder-averaged MFT predictions with
measured χ(T < TN) data for polycrystalline samples
with inferred collinear and noncollinear AF structures [9–
14]. More recently, the anisotropic susceptibilities be-
low TN of single crystals of the helical antiferromag-
nets EuCo2P2 [15], EuCo2As2 [16], EuNi2As2 [17], and
EuMg2Bi2 [18] were successfully modeled by the MFT.
In the present paper, we compare the theoretical MFT
predictions of χ(T ≤ TN) and in one case the zero-field
magnetic heat capacity Cmag(T ) with experimental data
from the literature for single-crystal compounds for both
collinear and coplanar-noncollinear AF structures.
The paper is organized as follows. In the Appendices,
summaries of the MFT formulations of the anisotropic
magnetic susceptibility and magnetic heat capacity in the
ordered state (T ≤ TN) of collinear and noncollinear an-
tiferromagnets are given. For collinear AFs the χ parallel
to the ordering axis is denoted in the Appendices as χ‖
and that perpendicular to it as χ⊥. Fits of experimen-
tal χ‖(T ≤ TN) data for the collinear antiferromagnets
GdNiGe3 [1] and GdCu2Si2 with S = 7/2 and for CuO
with S = 1/2 by the MFT predictions are presented in
Sec. II, together with a MFT fit of Cmag(T ) for GdNiGe3.
In Sec. III the MFT prediction that coplanar 120◦ heli-
cal or cycloidal magnetic structures have an isotropic and
nearly temperature-independent χ(T ) below TN is shown
to be satisfied by experimental data for crystals of the
S = 3/2 compounds LiCrO2 with a 120
◦ cycloidal AF
structure and α-CaCr2O4 with a 120
◦ helical AF struc-
ture. Concluding remarks are given in Sec. IV.
II. FITS OF EXPERIMENTAL DATA FOR
SINGLE CRYSTALS OF COLLINEAR
ANTIFERROMAGNETS
Within MFT, the magnetic susceptibility perpendicu-
lar to the ordering axis or plane of a collinear or copla-
nar antiferromagnet, respectively, is independent of T
below TN with the value χ(TN), so there is no need to fit
χ⊥(T ≤ TN) data.
In the following, Eq. (B2d) in Appendix B is used to
fit the experimental χ‖(T ) data for T ≤ TN via
χ‖(T ) =
[
1− f
τ∗(t)− f
]
χ(TN), (2)
where, to reiterate,
t =
T
TN
, f =
θp
TN
, τ∗(t) =
(S + 1)t
3B′S(y0)
,
y0 =
3µ¯0
(S + 1)t
, µ¯0 =
µ0
gSµB
,
(3)
BS(y0) is the Brillouin function, B
′
S(y0) ≡
[dBS(y)/dy]y=y0 , and µ0 is the T -dependent or-
dered moment below TN in applied field H = 0 that is
calculated within MFT.
As noted above, the constraints on the types of spin
lattices the MFT can address are that the spins must
be identical, crystallographically equivalent, and interact
solely by Heisenberg exchange. The experimental input
parameters are S, f , TN and χ(TN). If all four parameter
values are known, as is often the case, then there are no
adjustable parameters in the fit. In practice, the values of
µ¯0 and y0 in Eqs. (3) are numerically calculated for given
values of t and S by solving Eq. (A21) in Appendix A
using, e.g., the FindRoot utility in Mathematica. Then
the y0 value is used to calculate B
′
S(y0), which is inserted
into the above expression for τ∗(t) which is then inserted
into Eq. (2). The calculation is repeated for as many
values of t as desired.
A. GdNiGe3: A Collinear Antiferromagnet with
Large Spin
The compound GdNiGe3 crystallizes in an orthorhom-
bic structure with space group Cmmm with lattice
parameters a = 4.0551(2), b = 21.560(2), c =
4.0786(7) A˚ [19, 20]. The Gd sublattice consists of
slightly orthorhombically distorted square lattices in the
ac plane that are stacked along the b axis.
The anisotropic χ(T ) data for a single crystal of this
compound [19] are shown in Fig. 1(a). These authors
determined from a Curie-Weiss fit to the high-T sus-
ceptibility data at T > TN that the magnetism in
this compounds arises from Gd spins S = 7/2 with
g = 2. The Weiss temperature in the Curie-Weiss law
is θp = −23.0 K and the Gd spins order antiferromag-
netically at TN = 26.2 K, yielding f = θp/TN = −0.88.
It is clear from the data for T < TN that GdNiGe3 is a
collinear antiferromagnet with the a-axis being the easy
axis, but the detailed magnetic structure has not been
determined. Irrespective of that, Eq. (2) still applies for
fitting χ‖(T < TN), which illustrates the utility of the
MFT. The perpendicular susceptibility along the b axis
in the ordered state with T ≤ TN is predicted to be inde-
pendent of T , in good agreement with the χb(T ) data in
Fig. 1(b). The fit of the a-axis parallel-susceptibility data
for GdNiGe3 by MFT in Fig. 1(b) using Eq. (2) with no
adjustable parameters [1] is also seen to be rather good.
The deviation of the fit from the data is likely due to
dynamic magnetic fluctuations and correlations not ac-
counted for by MFT. These correlations are evident in
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FIG. 1: (a) Experimental magnetic susceptibility χ versus
temperature T of a single crystal of GdNiGe3 along the a-
(χa) and b-axis (χb) directions (solid curves) [19]. (b) Ex-
panded plots of the experimental χa and χb data in (a) at
low temperatures [1]. The easy-axis direction is along the a-
axis (open red circles). The corresponding data are fitted by
the MFT prediction in Eq. (2) (solid red curve labeled “χa
Theory”) with no adjustable parameters [1]. Within MFT,
the perpendicular susceptibility χa is predicted to be indepen-
dent of T below TN, in good agreement with the experimental
χb(T ≤ TN) data.
the λ-shaped peak in Cmag(T ) at TN with a nonzero con-
tribution above TN as discussed next.
Due to the large Gd spin S = 7/2 one expects that
the magnetic heat capacity Cmag versus T for GdNiGe3
should be nearly mean-field-like. The zero-magnetic-
field heat capacity Cp(T ) of single-crystal GdNiGe3 [19]
is plotted versus T in Fig. 2(a). The nonmagnetic
heat capacity background was estimated here by multi-
plying the temperatures for Cp(T ) of the isostructural
nonmagnetic reference compound YNiGe3 [19, 20] by
a factor of 0.92. The magnetic contribution Cmag(T )
to Cp(T ) of GdNiGe3 is then obtained by subtracting
the temperature-normalized Cp(T ) for YNiGe3 from the
measured Cp(T ) for GdNiGe3 and is plotted in Fig. 2(b).
The MFT prediction in Eq. (A24) of Appendix A for spin
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FIG. 2: (a) Heat capacity Cp versus temperature T of a
single crystal of GdNiGe3 in zero magnetic field (open red
circles) [19]. Also included is the nonmagnetic background
we estimated from Cp(T ) data [19] for isostructural YNiGe3
(solid blue curve). (b) Magnetic contribution Cmag to the
heat capacity versus T obtained by subtracting the nonmag-
netic background contribution from the data in (a). Also
shown in (b) is the molecular field theory (MFT) prediction
of Cmag(T ) in Eq. (A24) for spin S = 7/2 (solid blue curve).
The nonzero Cmag for T > TN arises from dynamic short-
range AF fluctuations and correlations not taken into account
by the MFT theory.
S = 7/2 is seen to describe the Cmag(T ) data reasonably
well. The good fits of χ‖(T ) and Cmag(T ) by MFT are
not unexpected since MFT should be fairly accurate for
large spins such as for Gd+3. One can still see evidence
of dynamic short-range AF correlations both above and
below TN (not treated by MFT) by the λ shape of Cmag
below TN and the nonzero Cmag(T ) above TN.
The hump that occurs in Cmag(T ) in Fig. 2(b) at
T ∼ TN/3, arises naturally in MFT. The hump be-
comes more pronounced as the Zeeman degeneracy of the
ground state increases [21, 22], so it is quite pronounced
for Gd+3 and Eu+2. It arises in MFT from (1) the T de-
pendence of the ordered moment in Eq. (A24) which gives
a T dependence to the exchange field seen by each mo-
ment, which in turn causes the splitting of the Zeeman
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FIG. 3: Experimental anisotropic magnetic susceptibilities χa
and χb versus temperature T for monoclinic CuO single crys-
tals (symbols) [23]. A MFT prediction of the easy-axis (b-
axis) χb(T ) obtained using Eq. (2) with spin S = 1/2 and
f = θp/TN1 = −3.7 is shown by the solid red curve. For the
prediction, we assumed that the offset of χb from zero at low
temperatures is due to the net orbital susceptibility where
the spin susceptibility is zero. The perpendicular susceptibil-
ity χa is predicted to be nearly independent of T below TN1,
as observed. The anisotropy between χa and χb for T ≥ TN1
is due to the combined effects of an anisotropic orbital Van
Vleck contribution to the susceptibility and an anisotropic
g-factor.
levels to depend on T , and from (2) the T -dependent
Boltzmann populations of those levels. As noted in [21],
large-S systems must develop the hump in order that the
molar magnetic entropy Smag in the disordered state at
TN increases with increasing S according to the statistical
mechanics requirement Smag = R ln(2S + 1), because for
T >∼ TN/3 and S >∼ 2 the magnetic heat capacity is lim-
ited from above by the classical calculation of Cmag(T ).
The hump is not as prominent for rare-earth antiferro-
magnets not containing the s-state ions Eu+2 or Gd+3
with S = 7/2 because the Hund’s-rule ground states of
other R+3 rare earth ions are split by the crystalline elec-
tric fields via the spin-orbit interaction which reduces
the Zeeman degeneracies of the zero-field ground states
to values too small to cause the hump to form in the
magnetically-ordered state.
B. CuO: A Quasi-One-Dimensional Spin-1/2
Collinear Antiferromagnet
The insulating compound CuO has a monoclinic struc-
ture containing Cu+2 spins S = 1/2. The structure con-
sists of Cu-O chains running along the b axis. Below
a second-order magnetic transition at TN1 = 230 K an
incommensurate noncollinear AF structure is observed,
and below a first-order transition at TN2 = 213 K a
collinear AF structure occurs with the ordered moments
oriented along the b axis [23]. The anisotropic suscepti-
bility data [23] are plotted in Fig. 3. At higher tempera-
tures, a broad maximum in χ occurs at about 540 K [24]
that reflects the onset of strong dynamic short-range AF
correlations in a low-dimensional spin lattice on cooling.
63Cu NMR shift measurements versus temperature
were carried out for a magnetically-aligned powder sam-
ple [25], from which the authors deduced the values of
the anisotropic g-factors and Van Vleck orbital suscepti-
bilities. Then they analyzed the high-T χ(T ) data [24]
using 1D and 2D spin lattice models and concluded that
the data were consistent with a 1D model with an in-
trachain exchange interaction of 850 K, which is also the
Weiss temperature −θp for S = 1/2. Thus one obtains
f = θp/TN1 = −3.7 assuming that interchain interactions
are much smaller than intrachain interactions.
Using this value of f and S = 1/2, the predicted
χb(T ≤ TN1) was computed using Eq. (2) and the re-
sult is shown in Fig. 3. A large discrepancy between the
observed χb(T ≤ TN1) and that predicted by MFT is
seen. On the other hand, the perpendicular susceptibil-
ity χa is independent of T below TN2, in agreement with
MFT.
Thus with decreasing spin from S = 7/2 in Fig. 1(b) to
S = 1/2 in Fig. 3, the experimental χ‖(T ) data increas-
ingly deviate from the MFT predictions. This suggests
an increasing influence of quantum fluctuations on χ‖(T )
with decreasing S as expected. The increase in quantum
fluctuations with decreasing spin is particularly noticable
in χ‖(T ) for CuO because the quasi-one-dimensionality
of the spin lattice is an additional source of such fluctua-
tions not treated by MFT. It remains unexplained, how-
ever, why the χ‖(T ) MFT prediction is so much larger
than the experimental data in the temperature range 75–
200 K. A contributing factor is likely the anisotropy of
the g factor [25] of the Cu+2 ion. Further investigation
of this issue is warranted.
C. GdCu2Si2: a Spin-7/2 Collinear
Antiferromagnet with Orthogonal Antiferromagnetic
Domains
The compound GdCu2Si2 has the body-centered
tetragonal (bct) ThCr2Si2-type crystal structure with
space group I4/mmm where the Gd atoms occupy the
crystallographically-equivalent origin and body-center
positions in the unit cell as shown in Fig. 4. The lat-
tice parameters and z-axis Si positions were variously
reported as a = 4.003, c = 9.947 A˚ [26] and a = 4.003,
c = 9.959 A˚, zSi = 0.382 [27] at room temperature; and
a = 3.922, c = 9.993 A˚, zSi = 0.368 at 24 K [28].
The magnetic structure of GdCu2Si2 is collinear, with
the Gd ordered magnetic moments oriented along the
tetragonal b axis and an AF propagation vector k1 =
( 12 , 0,
1
2 ) r.l.u. [28] as shown in Fig. 4. The ordered mo-
ment at 2 K is 7.2(4) µB/Gd [28] in agreement with
the value of 7µB/Gd obtained from the usual relation
5c
b
a
GdCu2Si2
Gd
Cu
Si
(101) plane
FIG. 4: Crystal and magnetic structures of body-centered-
tetragonal GdCu2Si2 with the ThCr2Si2 structure. One crys-
tallographic unit cell is shown. The magnetic unit cell has
dimensions 2a×b×2c and contains four crystallographic unit
cells. The collinear magnetic structure has an AF propagation
vector ( 1
2
, 0, 1
2
) perpendicular to the (101) plane shown, with
the magnetic moments oriented along the b axis. The Gd
ordered moments are ferromagnetically aligned within each
such plane. After Ref. [28].
µsat = gSµB, where S = 7/2 and g = 2. Thus the Gd mo-
ments in (101) planes are ferromagnetically aligned and
are oriented perpendicular to k. Due to the tetragonal
symmetry of the lattice which does not change on cool-
ing below TN, one expects the coexistence of degenerate
orthogonal AF domains where one type of domain has
the characteristics just described, and the second type
has the Gd magnetic moments aligned along the a-axis
with an AF propagation vector k2 = (0,
1
2 ,
1
2 ) r.l.u. The
existence of these two domains has a strong influence on
the measured parallel susceptibility χb(T ) for T < TN.
Anisotropic χ(T ) data [27] for a GdCu2Si2 single crys-
tal are shown in Fig. 5. The high-T data follow the
Curie-Weiss law with the effective moment and Weiss
temperature listed in Fig. 5(a). The effective moment
[see Eq. (A5) in Appendix A] of 7.76µB/Gd agrees within
about 2% with the value µeff = g
√
S(S + 1)µB = 7.94µB
expected for S = 7/2 and g = 2. An expanded plot of the
χa and χc data below 30 K is shown in Fig. 5(b). AF or-
dering is clearly seen in the χa(T ) data at TN = 12.1 K,
whereas χc is nearly independent of T below TN. The
nearly T -independent behavior of χc indicates that the
ordered magnetic moments are aligned perpendicular to
the c axis and therefore lie within the ab plane. One
observes that χa(T → 0)/χa(TN) ≈ 1/2. Since the AF
structure is known to be collinear within the ab plane as
discussed above, this behavior indicates the presence of
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FIG. 5: (a) Experimental magnetic susceptibilities χ versus
temperature T for a single crystal of GdCu2Si2 with the bct
ThCr2Si2 structure [27]. A fit to the high-temperature data
by a Curie-Weiss law (not shown) gives the effective moment
µeff and Weiss temperature θ values listed. (b) Expanded
plots of the χ(T ) data in (a) at low temperatures (red and blue
open symbols), showing the Ne´el temperature TN = 12.1 K.
Also shown is the prediction of MFT in Eq. (4) for χa(T ≤ TN)
for spin S = 7/2 and f = −1.78 for equal populations of
orthogonal AF domains in the ab plane (solid black curve).
AF domains as described in the previous paragraph.
Therefore we fitted the χa(T < TN) data by the av-
erage of perpendicular and parallel susceptibilities for
collinear antiferromagnets that is derived from MFT in
Appendix B, i.e.,
χa(T ) =
1
2
[χ⊥ + χ‖(T )]
=
1
2
[
1 +
χ‖(T )
χ(TN)
]
χ(TN), (4)
where we used Eq. (2) for χ‖(T )/χ(TN) together with the
parameters S = 7/2 and f = −1.78 listed in Fig. 5(b).
The fit to the χa(T < TN) data is shown in Fig. 5(b) and
is seen to be quite good. The positive deviation of the fit
from the data is typical of such fits for reasons still to be
understood.
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120˚ Cycloidal Ordering
kd = 2π/3
FIG. 6: Classical 120◦ ordering on the coplanar simple-
hexagonal spin lattice (triangular lattice) illustrated for a
cycloidal AF structure with a commensurate wavelength of
3a/2. The hexagonal lattice parameters a and b (a = b) and
the direction kˆ of the cycloid wave vector k are indicated.
The long-dashed line is the outline of the hexagonal unit cell
containing one spin and the solid line is the outline of the
magnetic unit cell containing nine spins (nine unit cells). The
quantity d is the distance between lines of ferromagnetically-
aligned magnetic moments along the cycloid axis (kˆ) direction
and k is the AF propagation vector. The rotation angle of
the magnetic moments between adjacent lattice lines in the kˆ
direction is φji = kd = 2pi/3 rad.
III. 120◦ COPLANAR ORDERING IN
TRIANGULAR-LATTICE AND HELICAL
ANTIFERROMAGNETS
Coplanar helical AF ordering with a turn angle of 120◦
is generically illustrated in Fig. 1 of [1] and cycloidal
120◦ AF ordering in triangular-lattice AFs is depicted in
Fig. 6. As noted above, the MFT predictions for χ(T ) are
identical for the two types of structures. The remarkable
prediction is that χ(T ≤ TN) is isotropic, independent of
T and also independent of the spin S. This prediction
was previously verified for the triangular S = 2 anti-
ferromagnet YMnO3 and the S = 1/2 antiferromagnet
RbCuCl3 [1]. Here two additional such compounds are
considered.
Anisotropic χ(T ) data are shown in Fig. 7 for a single
crystal of the S = 3/2 triangular-lattice antiferromagnet
LiCrO2 with 120
◦ coplanar cycloidal ordering [29] and
for a single crystal of α-CaCr2O4 that exhibits coplanar
120◦ helical ordering in α-CaCr2O4 [30].
The compound α-CaCr2O4 has a slight orthorhombic
distortion from a triangular-lattice structure [30]. The
helix axis is directed along the orthorhombic b-axis di-
rection with the magnetic moments in the ac-plane and
with a magnetic moment turn angle between adjacent
planes of the helix of kd = 119.86(2)◦ [31]. Note that the
AF propagation vector q quoted by the magnetic x-ray
and neutron scattering community is not necessarily the
same as the wave vector k of the helix or cycloid. In
Ref. [31], q is given as 0.3317(2) (2pi/b)bˆ. Using d = b/4
gives the turn angle qd ≈ 30◦ instead of 120◦. What
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FIG. 7: Experimental anisotropic susceptibilities χab and
χc versus temperature T for triangular antiferromagnets
(a) LiCrO2 with spin S = 3/2 [29] and (b) α-CaCr2O4 with
S = 3/2 [30]. It was not possible to obtain data along the
helix axis in (b) (i.e., ⊥ a), because of three-fold twinning
about the a-axis [30]. The plotted data were digitized from
the published figures. The nearly isotropic and temperature-
independent spin susceptibility below TN predicted within
MFT is a signature of 120◦ coplanar cycloidal spin ordering
such as in Fig. 6.
happened is that k = 1.3317(2)(2pi/b)bˆ was changed to
0.3317(2)(2pi/b)bˆ in order to translate q by the reciprocal
lattice translation vector−(2pi/b)bˆ into the first Brillouin
zone that extends along the b-axis direction from −pi/b
to +pi/b.
Each of the compounds LiCrO2 and α-CaCr2O4 shows
nearly isotropic and T -independent χ(T ≤ TN) behav-
ior as seen in Figs. 7(a) and 7(b), respectively [29, 30].
Similar χ(T ≤ TN) behavior has also been observed for
many other triangular lattice antiferromagnets with 120◦
cycloidal ordering, such as the S = 3/2 systems VF2 and
VBr2 [32]. These experimental results confirm the MFT
prediction that χ(T ≤ TN) for antiferromagnets showing
120◦ coplanar helical or cycloidal ordering is (approxi-
mately) isotropic and independent of f , S and T .
7IV. CONCLUDING REMARKS
As discussed in the Introduction, the unified
molecular-field theory has been successful in fitting the
anisotropic magnetic susceptibilities χ(T ) below TN and
of the magnetic component Cmag(T ) of the heat capac-
ity for a variety of collinear and coplanar noncollinear
magnetic structures in single crystals containing iden-
tical crystallographically-equivalent spins interacting by
Heisenberg exchange including helical and 120◦ copla-
nar structures on triangular lattices. Here we extended
the range of these fits to include single-crystal Cmag(T )
data for the collinear antiferromagnet GdNiGe3 with
TN = 26.2 K. This compound shows a λ-shaped anomaly
in Cmag(T ) at TN which contrasts with the step-like
change predicted by MFT. Furthermore, the Cmag(T )
exhibits a tail above TN arising from dynamic short-
range magnetic ordering of the S = 7/2 Gd spins not
predicted by the MFT. This is somewhat surprising for
such a large spin, but has also been observed in other
S = 7/2 antiferromagnets such as the helical antiferro-
magnets EuCo2P2 [15], EuCo2As2 [16], EuNi2As2 [17],
and EuMg2Bi2 [18].
The parallel susceptibility of a single crystal of the
monoclinic S = 1/2 compound CuO with collinear AF
order was fitted by the MFT with no adjustable parame-
ters and poor agreement with the experimental data was
found. Although one might attribute this disagreement
to the small spin of the Cu+2 ion, further work is needed
to ascertain the actual origin of this unusually-large dis-
crepancy. For example, the anisotropic g factor could
contribute to it. The poor fit to the χ(T ) data for CuO
sharply contrasts to the typically very good fits obtained
using the unified MFT for other antiferromagnets and
thus represents a conundrum that would be interesting
to investigate further.
We next considered the tetragonal compound
GdCu2Si2 which exhibits collinear AF ordering with
the moments aligned along the a or b axes. Due to
the tetragonal symmetry, the single-crystal χ(T ) data
evidenced the presence of orthogonal AF domains.
Assuming the domain populations were the same, we ob-
tained reasonably good agreement between the observed
and calculated in-plane susceptibility χab(T ≤ TN).
Finally, two examples of coplanar AF ordering in Cr+3
spin-3/2 compounds were discussed. In LiCrO2 the
Cr spins occupy a coplanar triangular lattice and the
AF structure is a 120◦ cycloidal structure, whereas in
α-CaCr2O4 the Cr spins order in a helix with a turn
angle of 120◦. The MFT has the same prediction for
the anisotropic χ(T ) of both magnetic structures, namely
that χ(T ≤ TN) is independent of T , and perhaps surpris-
ingly, also of S. The susceptibilities of these compounds
indeed approximately followed this prediction below their
Ne´el temperatues of 64 K and 42.6 K, respectively.
For cases where reasonably-good agreement of the
MFT with the experimental susceptibility data was
found, there remain relatively small but systematic de-
viations of the MFT predictions from the anisotropic
χ(T ) data for both collinear and coplanar noncollinear
antiferromagnets containing Heisenberg spins. It would
be interesting and useful to establish the origin of these
deviations.
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Appendix A: Summary of Molecular Field Theory
1. Basics
The Curie law χ = C/T describes the magnetic sus-
ceptibility of noninteracting local moments (spins) versus
absolute temperature T , where C is the Curie constant.
The Curie law is extended to describe χ(T ) of interact-
ing spins in the paramagnetic (PM) regime above the
magnetic ordering temperature using the Weiss molecu-
lar field theory (MFT) as expressed by the Curie-Weiss
law
χ =
C
T − θp , (A1)
where the Weiss temperature θp reflects the interactions
between the spins which is positive for ferromagnetic
(FM) interactions and negative for AF interactions. The
Curie constant for Heisenberg spins S is given by
C =
Ng2S(S + 1)µ2B
3kB
, (A2)
where N is the number of spins, g is the spectroscopic
splitting factor (g factor), µB is the Bohr magneton, and
kB is Boltzmann’s constant.
In this paper the Gaussian cgs system of units is ex-
clusively used for the magnetism of materials (see, e.g.,
Sec. 3.5.1 in Ref. [33]). If g = 2, one obtains
C
[
cm3 K
mol spins
]
= 0.5002S(S + 1). (A3)
The Curie-Weiss law (A1) can be written
χ =
Nµ2eff
T − θp , (A4)
where the effective moment µeff of a spin is
µeff = g
√
S(S + 1)µB. (A5)
8If g = 2 and C is expressed in units of cm3 K/mol spins
one obtains the useful result
µeff
[
µB
spin
]
≈
√
8C. (A6)
2. Spin Hamiltonian, Exchange Energy, Exchange
Field
We consider the Heisenberg model with no anisotropy
terms except that due to an infinitesimal applied mag-
netic field H, where demagnetization effects are assumed
to have been accounted for in H (see, e.g., [3]). The part
Hi of the spin Hamiltonian associated with a particu-
lar central spin Si interacting with its neighbors Sj with
respective exchange constants Jij is
Hi = 1
2
Si ·
∑
j
JijSj + gµBSi ·H, (A7a)
where the factor of 1/2 appears in the first term because
the exchange energy is evenly split between each pair of
interacting spins. The relationship between an electronic
spin and magnetic moment is
S = − ~µ
gµB
. (A7b)
In the following, the symbol ~µ refers to the thermal-
average value of the magnetic moment, as is appropri-
ate in MFT. Then the energy Emag i of interaction of
magnetic moment ~µi with its neighbors ~µj is given by
Eqs. (A7) as
Emag i =
1
2g2µ2B
~µi ·
∑
j
Jij~µj − ~µi ·H. (A8)
In MFT, one replaces the sum of the exchange interac-
tions acting on ~µi in the first term by an effective mag-
netic field called the Weiss molecular field or “exchange
field” Hexch given by
Eexch i = −1
2
~µi ·Hexch i. (A9)
From the first term in Eq. (A8) one then obtains
Hexch i = − 1
g2µ2B
∑
j
Jij~µj . (A10)
The component of Hexch i in the direction of ~µi is
Hexch i = µˆi ·Hexch i = − 1
g2µ2B
∑
j
Jijµj µˆi · µˆj
= − 1
g2µ2B
∑
j
Jijµj cosαji, (A11)
where αji is the angle between ~µj and ~µi when H 6= 0.
If H = 0 these angles are denoted instead by φji.
In the ordered magnetic state in H = 0, the lowest
energy of the spin system occurs when each magnetic
moment is in the same direction as the local exchange
field it sees. Therefore the component of the local field
Hexch i0 in the direction of ~µi, and also its magnitude, is
given by Eq. (A11) as
Hexch i0 = µˆi ·Hexch i0 (A12)
= − µ0
g2µ2B
∑
j
Jij cosφji,
where the subscript 0 in Hexch i0 designates that H = 0
and µ0 is the magnitude of the T -dependent ordered mag-
netic moment in H = 0 observed, e.g., by neutron diffrac-
tion measurements which is the same for all spins because
of their assumed crystallographic equivalence.
3. Ne´el Temperature, Ordered Moment, Magnetic
Heat Capacity
In general, in MFT the equilibrium (thermal-average)
direction of a specific ordered local moment ~µi is always
in the direction of its local magnetic induction Bi. The
magnitude µi of ~µi in that direction is determined by the
Brillouin function BS(y) according to [34]
µ¯i ≡ µi
µsat
= BS(yi) (A13a)
where
yi =
gµBBi
kBT
, (A13b)
the saturation moment of each spin is
µsat = gSµB, (A13c)
and g ≈ 2 for many 3d transition metal ions due to
quenching of the z-component of the orbital angular mo-
mentum, and also for spin-only Gd+3 and Eu+2 ions with
S = 7/2 and orbital angular momentum L = 0.
The magnetic induction in Eq. (A13b) is
Bi = Hexch i +H‖i, (A14)
where Hexch i is the component of the exchange field par-
allel to magnetic moment ~µi and H‖i = µˆi · H is the
component of the applied magnetic field in the direction
of ~µi. We define the direction of approach to a transition
temperature by superscript + and − symbols. Thus on
approaching the AF ordering temperature from below,
denoted as T → T−N , an infinitesimal nonzero ordered
moment develops even in the absence of an applied mag-
netic field. One can Taylor expand the Brillouin function
for small arguments and Eq. (A13a) becomes
µi =
g2µ2BS(S + 1)
3kBTN
Bi =
g2µ2BS(S + 1)
3kBTN
(Hexch i +H).
(A15)
9For H = 0 one obtains
µ0 =
g2µ2BS(S + 1)
3kBTN
Hexch i0. (A16)
Substituting Eq. (A12) for Hexch i0 into (A16) gives the
most general expression for the AF ordering temperature
in MFT for a system of identical crystallographically-
equivalent magnetic moments interacting by Heisenberg
exchange as
TN = −S(S + 1)
3kB
∑
j
Jij cosφji. (A17)
This equation also predicts the magnetic ordering tem-
perature (Curie temperature TC) of a FM where φji = 0
and
∑
j Jij < 0. By comparing Eqs. (A12) and (A17),
one can write the zero-field exchange field Hexch i0 seen
by each magnetic moment ~µi0 as
Hexch i0 =
TN
C1
~µi0
Hexch 0 =
TN
C1
µ0,
(A18a)
where the magnitude Hexch 0 of the exchange field in
H = 0 seen by each spin is the same for all spins be-
cause of their crystallographic equivalence, hence the
subscript i is dropped, and the single-spin Curie constant
C1 is defined as [34]
C1 =
g2µ2BS(S + 1)
3kB
. (A18b)
Equations (A11), (A12) and (A18a) for the exchange
field do not make any reference to magnetic moments
other than the central magnetic moment ~µi and its neigh-
bors with which it interacts.
The reduced zero-field ordered moment and reduced
temperature are defined, respectively, as
µ¯0 =
µ0
µsat
=
µ0
gSµB
, (A19a)
t =
T
TN
, (A19b)
where the saturation moment µsat of spin S is given in
Eq. (A13c). The zero-field exchange field in the direction
of ~µi in Eq. (A18a) becomes
Hexch 0 =
3kBTNµ¯0
(S + 1)gµB
. (A20)
Then Eq. (A13a) for calculating the ordered moment µ0
versus T in H = 0 can be compactly written as [21]
µ¯0 = BS(y0), with y0 =
3µ¯0
(S + 1)t
. (A21)
The total temperature derivative dµ¯0/dt calculated from
Eq. (A21) is
dµ¯0
dt
= − µ¯0
t
[
(S+1)t
3B′S(y0)
− 1
] , (A22)
where B′S(y0) ≡ dBS(y)/dy|y=y0 .
The molar magnetic contribution Cmag(t) to the heat
capacity in zero applied magnetic field is given in MFT
by
Cmag(t)
R
= − 3S
2(S + 1)
dµ¯20(t)
dt
= − 3S
S + 1
µ¯0(t)
dµ¯0(t)
dt
,
(A23)
where R is the molar gas constant. Substituting dµ¯0/dt
from Eq. (A22) into the second equality in Eq. (A23)
yields
Cmag(t)
R
=
3Sµ¯20
(S + 1)t
[
(S+1)t
3B′S(y0)
− 1
] . (A24)
Equations (A21) and (A24) are generally applicable
within MFT to Heisenberg magnets containing identi-
cal crystallographically equivalent spins in zero magnetic
field including ferromagnets and both collinear and non-
collinear antiferromagnets.
4. The Curie-Weiss Law for Temperatures in the
Paramagnetic Regime
The Weiss temperature θp in the Curie-Weiss law (A1)
is calculated to be
θp = −S(S + 1)
3kB
∑
j
Jij . (A25)
Thus it is possible for a system of interacting spins to
have a Curie-law susceptibility (θp = 0) if the sum of
the exchange interactions of neighboring spins with the
central spin accidentally satisfies
∑
j Jij = 0.
One can write χ(T ) for local-moment Heisenberg anti-
ferromagnets in the PM regime within MFT in terms of
the physically measurable ratio
f ≡ θp
TN
=
∑
j Jij∑
j Jij cosφji
, (A26)
where for the second equality Eqs. (A17) and (A25) were
used. For a ferromagnet, φji = 0 for all j, and hence
f = 1. For antiferromagnets, at least one of the Jij
must be positive (AF interaction) and at least one of the
φji 6= 0, leading to f < 1. Thus within MFT, if AF
ordering is caused solely by exchange interactions, one
requires
−∞ < f < 1, (A27)
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which is Eq. (1) in the main text. By definition TN > 0,
whereas θp for an antiferromagnet can be either negative
(the usual case) or positive, leading via the first equal-
ity in Eq. (A26) to a corresponding negative or positive
value of f . The latter result occurs when the dominant
Jij interactions are ferromagnetic (negative), but where
antiferromagnetic (positive) interactions cause the over-
all magnetic structure to be antiferromagnetic. An ex-
ample of an antiferromagnetic system with 0 < f < 1 is a
system with a so-called A-type antiferromagnetic struc-
ture, where layers of ferromagnetically-aligned ordered
moments occur due to dominant FM intralayer interac-
tions, but where the layers are stacked one above the
other with an AF alignment of the ordered moments in
adjacent layers due to weak AF interlayer couplings.
The Curie-Weiss law in Eq. (A1) can be written as a
law of corresponding states
χ(t)TN
C1
=
1
t− f (T ≥ TN), (A28a)
where C1 is the single-spin Curie constant in Eq. (A18b)
and the reduced temperature t was previously defined in
Eq. (A19b). The right side of Eq. (A28a) has no explicit
dependence on S, on the detailed type of spin lattice, or
on the exchange constants in the system. These quanti-
ties are implicitly contained in t and f . At the ordering
temperature T = TN (t = 1), Eq. (A28a) gives
χ(TN)TN
C1
=
1
1− f . (T = TN) (A28b)
The ratio of the isotropic χ(T > TN) to χ(T = TN) is
given by Eqs. (A28) as
χ(t)
χ(TN)
=
1− f
t− f (T ≥ TN). (A29)
Since the left-hand side of Eq. (A28b) must necessarily
be positive, MFT and the Heisenberg model require the
right-hand side also to be positive. This constrains f to
be in the range already given in Eq. (A27).
From Eqs. (A17) and (A25), one obtains
TN − θp = S(S + 1)
3kB
∑
j
Jij(1− cosφji), (A30)
where φji is the angle between ordered moments j and i
in the ordered AF state with H = 0. Using Eq. (A30),
the (isotropic) paramagnetic susceptibility at the Ne´el
temperature is given by the Curie-Weiss law (A1) as
χ(TN) =
Ng2µ2B∑
j Jij(1− cosφji)
, (A31)
which is independent of S.
Appendix B: Uniform Parallel Susceptibility of
Collinear Antiferromagnets below Their Ne´el
Temperatures
The parallel susceptibility per spin is obtained as
χ‖(T ) =
C1
(S+1)T
3B′S(y0)
− θp
. (B1)
Multiplying both sides of Eq. (B1) by TN and divid-
ing both sides by C1 gives the dimensionless law of
corresponding states for the parallel susceptibility for a
given S as
χ‖(t)TN
C1
=
1
τ∗(t)− f , (B2a)
where
τ∗(t) =
(S + 1)t
3B′S(y0)
. (B2b)
A special case described by Eqs. (B2) is the two-
sublattice bipartiti collinear antiferromagnet.
One finds that τ∗(t = 1) = 1, so the isotropic suscep-
tibility at TN is predicted by Eq. (B2a) to be
χ(t = 1)TN
C1
=
1
1− f (T = TN). (B2c)
Equation (B2c) for χ(TN) is identical with the prediction
of the Curie-Weiss law at TN in Eq. (A28b).
The parallel susceptibility normalized by the isotropic
value at TN is obtained by dividing Eq. (B2a) by (B2c),
yielding
χ‖(T )
χ(TN)
=
χ‖(t)
χ(t = 1)
=
1− f
τ∗(t)− f , (B2d)
which only depends on the experimentally accessible pa-
rameters t, f and χ(TN), and the spin S that one can
often estimate from chemical or other considerations.
The temperature dependence of χ‖ comes only from
τ∗(t), which also depends on S. The exchange con-
stants and spin-lattice geometry do not appear explicitly
in Eqs. (B2a) or (B2d) but are implicit in the values of
f and t.
Appendix C: Magnetic Susceptibility of coplanar
Helical and Cycloidal Antiferromagnets at T ≤ TN
1. Magnetic Susceptibility Perpendicular to the
Ordering Plane
Since a collinear antiferromagnet is a special case of a
coplanar noncollinear antiferromagnet, the generic pre-
dictions for the perpendicular susceptibility χ⊥ of the
two types of ordering are identical. The only assump-
tions made in this section for coplanar AF ordering, in
11
which the ordered moments for H = 0 lie in the same
xy plane, are that the spins are identical and crystallo-
graphically equivalent. The spins themselves do not have
to occupy the same plane. The χ⊥ is simply
χ⊥(T ≤ TN) = χ(TN). (C1)
2. Magnetic Susceptibility Parallel to the Plane of
the Ordered Magnetic Moments
The magnetic susceptibility in the plane of the ordered
moments of a helix or cycloid can be written as a law of
corresponding states for a given spin S in terms of easily
measured quantities, which are f = θp/TN, t = T/TN
and additional reduced variables τ∗ and B∗, as
χxy(T )TN
C1
=
1 + τ∗ + 2f + 4B∗
2 [(τ∗ +B∗)(1 +B∗)− (f +B∗)2] , (C2)
where
τ∗ =
(S + 1)t
3B′S(y0)
, (C3a)
B∗ =
S(S + 1)
3kBTN
∑
j
Jij cos
2 φji (C3b)
= −
∑
j Jij cos
2 φji∑
j Jij cosφji
, (C3c)
and y0 = 3µ¯0/[(S+ 1)t] from Eq. (A21). At T = TN, one
has τ∗ = 1 and Eq. (C2) becomes
χ(TN)TN
C1
=
1
1− f . (C4)
This agrees with the Curie-Weiss law prediction for
χ(TN) in Eq. (B2c).
Using Eqs. (C2) and (C4), for T ≤ TN one obtains the
ratio
χxy(T )
χ(TN)
=
(1 + τ∗ + 2f + 4B∗)(1− f)
2 [(τ∗ +B∗)(1 +B∗)− (f +B∗)2] . (C5)
Using τ∗(t = 0) =∞, Eq. (C5) gives
χxy(T = 0)
χ(TN)
=
1− f
2(1 +B∗)
. (C6)
Substituting τ∗(t = 1) = 1 at TN into Eq. (C5) gives the
identity
χxy(T = TN)
χ(TN)
= 1, (C7)
irrespective of the values of f and B∗.
3. The Generic J0-J1-J2 Model for coplanar Helical
and Cycloidal Antiferromagnets
In this section we recast our results for χxy(T ≤ TN)
derived above in terms of a minimal generic one-
dimensional J0-J1-J2 Heisenberg model [35] that allows
the coplanar helix or cycloid AF structures. In this
model, J0 is the sum of all Heisenberg interactions of
a spin with all spins in the same xy-plane layer, J1 is
the sum of all Heisenberg interactions of the spin with
all spins in a next-nearest layer, and J2 is the sum of
all Heisenberg interactions of the spin with all spins in
the next-nearest layer. The main purpose of synthesizing
this model is to express the parameter B∗ in Eqs. (C3)
in terms of physically measurable quantities. This is a
powerful generic formulation that applies to large classes
of coplanar noncollinear antiferromagnets.
By minimizing the classical energy with respect to the
turn angle kd between FM-aligned layers in a helix or
cycloid one obtains
cos(kd) = − J1
4J2
. (C8)
Thus in general the helical or cycloidal wave vector is in-
commensurate with the underlying crystallographic spin
lattice. However, one can always consider the wave vec-
tor to be commensurate to within experimental resolu-
tion with a sufficiently large magnetic unit cell.
The χxy(T )/χ(TN) of the coplanar noncollinear phase
in Eq. (C5) is expressed in terms of the quantities S,
µ¯0 = µ0/µsat, t = T/TN, f ≡ θp/TN and B∗. Usually
one has experimental values of the first four quantities,
whereas B∗ as defined in Eqs. (C3) is not known without
knowledge of the exchange constants, which are usually
not measured, and of the AF structure. For a helix or
cycloid the expression for B∗ within the J0-J1-J2 model
in terms of the physically measurable quantities f and
kd is
B∗ = 2(1− f) cos(kd)[1 + cos(kd)]− f. (C9)
Using Eqs. (C6) and (C9) the reduced in-plane T = 0
susceptibility is obtained as
χxy(T = 0)
χ(TN)
=
1
2
[
1 + 2 cos(kd) + 2 cos2(kd)
] , (C10)
which allows the turn angle kd to be determined simply
from measurements of χxy(T = 0) and χ(TN).
Interestingly, the reduced T = 0 in-plane susceptibil-
ity in Eq. (C10) is expressed solely in terms of the turn
angle kd where k is the magnitude of the helix or cy-
cloid wave vector and d is the distance between adjacent
FM-aligned planes of spins in the helix or cycloid. A
plot of this dependence is shown in Fig. 8 [1, 2]. The
behavior in Fig. 8 is unexpected for two reasons. First,
χxy(0)/χ(TN) varies nonmonotonically with kd. Second,
a peak appears in χxy(0)/χ(TN) at the unexpected wave
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FIG. 8: In-plane magnetic susceptibility at temperature T =
0, χxy(T = 0), versus z-axis wave vector k for the helical
magnetic structure in the J0-J1-J2 model [1, 2]. The quan-
tity kd is the turn angle subtended by adjacent magnetic
moments along the z-axis where d is the distance between
ferromagnetically-aligned moment layers along the z axis.
Wave vectors satisfying 0 < kd < pi/2 correspond to domi-
nant ferromagnetic interactions between adjacent layers along
the z axis whereas wave vectors satisfying pi/2 < kd < pi cor-
respond to dominant antiferromagnetic interactions between
moments in adjacent layers. Thus the peak at the unique turn
angle kd = 2pi/3 corresponds to dominant antiferromagnetic
interactions.
vector kd = 2pi/3 for which χxy(0)/χ(TN) = 1. The lat-
ter result χxy(0) = χ(TN) suggests that for this wave
vector, χxy is independent of T and S for T ≤ TN, which
is confirmed in [1] and in the main text.
When χxy(0)/χ(TN) < 1/2, Fig. 8 shows that the turn
angle between layers of moments along the helix or cy-
cloid axis is less than 90◦, which corresponds to a net
FM interaction between a moment and the moments in
an adjacent layer. This is because a moment in one
layer has a component in the same direction as the mo-
ment in an adjacent layer. On the other hand, when
χxy(0)/χ(TN) > 1/2, Fig. 8 shows that the turn angle be-
tween layers of moments along the helix or cycloid axis
is double-valued, and is greater than 90◦ which corre-
sponds to a net AF interaction between a moment and
the moments in an adjacent layer.
Using Eq. (C9), one can express χxy(T )/χ(TN) in
Eq. (C5) for a cycloidal or helical AF structure com-
pletely in terms of the measureable parameters S, µ¯0, t,
f and now kd.
4. Special Case: Noncollinear 120◦ Helical or
Cycloidal Antiferromagnets
For the special case of only the six nearest-neighbor
interactions J in a triangular lattice being nonzero, using
φji = kd = 120
◦ one obtains from Eqs. (A17) and (A25)
TN = −S(S + 1)
3kB
∑
j
Jij cosφji =
S(S + 1)J
kB
,
θp = −S(S + 1)
3kB
∑
j
Jij = −2S(S + 1)J
kB
,
f =
θp
TN
= −2,
TN − θp = 3S(S + 1)J
kB
. (C11)
Thus from Eqs. (A1), (A18b), and (C11) one obtains the
perpendicular susceptibility per spin as
χ⊥(T ≤ TN) = χ(TN) = C1
TN − θp =
g2µ2B
9J
, (C12)
which is independent of S.
[1] D. C. Johnston, Magnetic Susceptibility of Collinear and
Noncollinear Heisenberg Antiferromagnets, Phys. Rev.
Lett. 109, 077201 (2012).
[2] D. C. Johnston, Unified molecular field theory for
collinear and noncollinear antiferromagnts, Phys. Rev.
B 91, 064427 (2015).
[3] D. C. Johnston, Magnetic dipole interactions in crystals,
Phys. Rev. B 93, 014421 (2016).
[4] D. C. Johnston, Influence of classical anisotropy fields
on the properties of Heisenberg antiferromagnets within
unified molecular field theory, Phys. Rev. B 96, 224428
(2017).
[5] D. C. Johnston, Influence of uniaxial single-ion
anisotropy on the magnetic and thermal properties of
Heisenberg antiferromagnets within unified molecular
field theory, Phys. Rev. B 95, 094421 (2017).
[6] D. C. Johnston, Magnetic structure and magnetization
of z-axis helical Heisenberg antiferromagnets with XY
anisotropy in high magnetic fields transverse to the he-
lix axis at zero temperature, Phys. Rev. B 99, 214438
(2019).
[7] D. C. Johnston, Reply to “Comment on ‘Magnetic struc-
ture and magnetization of z-axis helical Heisenberg anti-
ferromagnets with XY anisotropy in high magnetic fields
transverse to the helix axis at zero temperature’ ”, Phys.
Rev. B 101, 026402 (2020).
[8] V. K. Anand, R. S. Dhaka, Y. Lee, B. N. Harmon, A.
Kaminski, and D. C. Johnston, Physical Properties of
Metallic antiferromagnetic CaCo1.86As2 single crystals,
Phys. Rev. B 89, 214409 (2014).
[9] R. J. Goetsch, V. K. Anand, and D. C. Johnston, Heli-
cal antiferromagnetic ordering in Lu1−xScxMnSi (x = 0,
0.25, 0.5), Phys. Rev B 90, 064415 (2014).
[10] S. L. Samal, A. Pandey, D. C. Johnston, and J. D. Cor-
13
bett, Y3MnAu5: Three Distinctive d-Metal Functions in
an Intergrown Cluster Phase, J. Am. Chem. Soc. 135,
910 (2013).
[11] R. J. Goetsch, V. K. Anand, and D. C. Johnston, An-
tiferromagnetism in EuNiGe3, Phys. Rev. B 87, 064406
(2013).
[12] S. L. Samal, A. Pandey, D. C. Johnston, J. D. Corbett,
and G. J. Miller, Taking Advantage of Gold’s Electroneg-
ativity in R4Mn3−xAu10+x (R = Y or Gd; 0.2 ≤ x ≤ 1),
Chem. Mater. 26, 3209 (2014).
[13] V. K. Anand and D. C. Johnston, Physical properties of
EuPd2As2 single crystals, J. Phys.: Condens. Matter 26,
286002 (2014).
[14] R. Nath, K. M. Ranjith, B. Roy, D. C. Johnston, Y. Fu-
rukawa, and A. A. Tsirlin, Magnetic transitions in the
spin-5/2 frustrated magnet BiMn2PO6 and strong Llat-
tice softening of BiMn2PO6 and BiZn2PO6 below 200 K,
Phys. Rev. B 90, 024431 (2014).
[15] N. S. Sangeetha, E. Cuervo-Reyes, A. Pandey, and D.
C. Johnston, EuCo2P2: A model molecular-field heli-
cal Heisenberg antiferromagnet, Phys. Rev. B 94, 014422
(2016).
[16] N. S. Sangeetha, V. K. Anand, E. Cuervo-Reyes, V.
Smetana, A.-V. Mudring, and D. C. Johnston, Enhanced
moments of Eu in single crystals of the metallic helical
antiferromagnet EuCo2−yAs2, Phys. Rev. B 97, 144403
(2018).
[17] N. S. Sangeetha, V. Smetana, A.-V. Mudring, and
D. C. Johnston, Helical antiferromagnetic ordering in
EuNi1.95As2 single crystals, Phys. Rev. B 100, 094438
(2019).
[18] S. Pakhira, M. A. Tanatar, and D. C. Johnston, Mag-
netic, thermal, and electronic-transport properties of
EuMg2Bi2 single crystals, arXiv:2004.03753.
[19] E. D. Mun, S. L. Bud’ko, H. Ko, G. J. Miller, and P.
C. Canfield, Physical properties and anisotropies of the
RNiGe3 series (R =Y, Ce–Nd, Sm, Gd–Lu), J. Magn.
Magn. Mater. 322, 3527 (2010).
[20] Hyunjin Ko, Structural and electronic investigations of
complex intermetallic compounds, Ph.D. Thesis, Iowa
State University (2008).
[21] D. C. Johnston, R. J. McQueeney, B. Lake, A. Ho-
necker, M. E. Zhitomirsky, R. Nath, Y. Furukawa, V. P.
Antropov, and Y. Singh, Magnetic exchange interactions
in BaMn2As2: A case study of the J1-J2-Jc Heisenberg
model, Phys. Rev. B 84, 094445 (2011).
[22] J. Ferna´ndez Rodr´ıguez and J. A. Blanco, Temperature
Dependence of the Molar Heat Capacity for Ferromag-
nets Within the Mean Field Theory, Phys. Scripta 71,
CC19 (2005).
[23] T. Kimura, Y. Sekio, H. Nakamura, T. Siegrist, and A.
P. Ramirez, Cupric oxide as an induced-multiferroic with
high-TC , Nature Mater. 7, 291 (2008). In this paper, the
SI system of units for magnetic susceptibility is used,
where cm3/mol is a unit of convenience (T. Kimura, pri-
vate communication). To convert the SI units of cm3/mol
to the conventional Gaussian cgs units of cm3/mol, di-
vide the former values by 4pi. This conversion was made
to obtain Fig. 3.
[24] M. O’Keeffe and F. S. Stone, The magnetic susceptibility
of cupric oxide, J. Phys. Chem. Solids 23, 261 (1962).
[25] T. Shimizu, T. Matsumoto, A. Goto, K. Yoshimura, and
K. Kosuge, Magnetic dimensionality of the antiferromag-
net CuO, J. Phys. Soc. Jpn. 72, 2165 (2003).
[26] W. Rieger and E. Parthe´, Terna¨re Erdalkali-und Sel-
tene Erdmetall-Silicide und-Germanide mit ThCr2Si2-
Struktur, Monatsh. Chem. 100, 444 (1969).
[27] N. D. Dung, Y. Ota, K. Sugiyama, T. D. Matsuda, Y.
Haga, K. Kindo, M. Hagiwara, T. Takeuchi, R. Settai,
and Y. O¯nuki, Magnetic properties of single crystalline
RCu2Si2 (R: Rare Earth), J. Phys. Soc. Jpn. 78, 024712
(2009).
[28] J. M. Barandiaran, D. Gignoux, D. Schmitt, G. C.
Gomez-Sal, J. Rodriguez Fernandez, P. Chieux, and J.
Schweizer, Magnetic properties and magnetic structure
of GdNi2Si2 and GdCu2Si2 compounds, J. Magn. Magn.
Mater. 73, 233 (1988).
[29] H. Kadowaki, H. Takei, and K. Motoya, Double-Q 120
degrees structure in the Heisenberg antiferromagnet on
rhombohedrally stacked triangular lattice LiCrO2, J.
Phys.: Condens. Matter 7, 6869 (1995).
[30] S. Toth, B. Lake, S. A. J. Kimber, O. Pieper, M. Reehuis,
A. T. M. N. Islam, O. Zaharko, C. Ritter, A. H. Hill,
H. Ryll, K. Kiefer, D. N. Argyriou, and A. J. Williams,
120◦ helical magnetic order in the distorted triangular
antiferromagnet α-CaCr2O4, Phys. Rev. B 84, 054452
(2011).
[31] L. C. Chapon, P. Manuel, F. Damay, P. Toledano, V.
Hardy, and C. Martin, Helical magnetic state in the dis-
torted triangular lattice of α-CaCr2O4, Phys. Rev. B 83,
024409 (2011).
[32] K. Hirakawa, H. Ikeda, H. Kadowaki, and K. Ubukoshi,
Magnetic Susceptibilities of the Frustrated Triangular
Lattice Antiferromagnets CsVCl3 and VX2 (X = Cl, Br
and I): Appearance of Magnetic Liquid in the Ordered
State, J. Phys. Soc. Jpn. 52, 2882 (1983).
[33] D. C. Johnston, The Puzzle of High Temperature Su-
perconductivity in Layered Iron Pnictides and Chalco-
genides, Adv. Phys. 59, 803 (2010).
[34] C. Kittel, Introduction to Solid State Physics, 8th edition
(Wiley, Hoboken, NJ, 2005).
[35] T. Nagamiya, Helical spin ordering—1 theory of helical
spin configurations, Solid State Phys. 20, 305 (1967).
